Consider a system that should be continuously operating over an indefinitely long operation cycle n ( , 2 , 1 n ), where each operation causes a random amount of damage to the system, and these damages are accumulated with the current damage. The system fails when the total damage exceeds failure level and a corrective maintenance (CM) is immediately conducted. To prevent such a failure, a preventive maintenance (PM) action should be performed. This paper considers a maintenance policy for such a system, in which the PM is carried out when the accumulated damage exceeds a pre-specified level ( ),
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or it is performed at the completion of N th ( , 2 , 1 N ) operation, whichever comes first. Besides, a regular maintenance (RM) is also applied at every completion of operation in order to maintain the system for next use. The expected cost rate for an infinite time span is applied as a criterion for optimality. The optimal policies (i.e., * and * N ) that minimize cost rates are derived analytically and computed numerically; useful properties and result discussions are presented, which indicate that the optimal maintenance policy is to perform PM only depend on the level of accumulated damage, it is unnecessary to depend on the number of operation (i.e., * N ).
Introduction
It is of great importance to avoid failures of a complex system during the actual operation when such an event is costly and/or dangerous. In such situations, one important area of interest in reliability theory is the study of various maintenance policies in order to reduce the operating cost and the risk of a catastrophic breakdown.
Maintenance policies for systems that are subject to stochastic failures have been treated extensively in literature. A comprehensive set of models review and discussion on the maintenance policies are included in Nakagawa (2005 Nakagawa ( , 2007 . The aim of optimal maintenance policies is to provide optimum system reliability/availability and safety performance at the lowest possible maintenance cost.
Maintenance can be further divided into several categories according to the degree to which the operating conditions of an item are restored by maintenance. A 'perfect maintenance' means a maintenance action that restores system operating conditions to as good as new. That is, upon perfect maintenance, a system has the same operating conditions as a new one. A complete overhaul of an engine with a broken connecting rod is an example of perfect maintenance. Generally, the replacement of a failed system with a new one is a perfect maintenance or perfect repair. A 'minimal maintenance' means that after it is conducted, the system's operating state is as bad as old. Changing a flat tire on a car, or changing a flat or broken fan belt on an engine are examples of minimal maintenance, as the overall state of the operating condition is essentially unchanged. An 'imperfect maintenance' is a maintenance action that does not make a system like new, but less. Usually, it is assumed that imperfect maintenance restores the system operating state to somewhere between as good as new and as bad as old. Clearly, imperfect maintenance is a general maintenance that can include two extreme cases, namely, minimal and perfect. An engine tune-up is an example of imperfect maintenance, as a tune-up may not make an engine as good as new, but its performance would be greatly improved. For more details about the classification of maintenance degree, please refer to Pham and Wang (1996) .
Most optimum maintenance problems are based on a continuous time process where a system is operating. In failure studies, however, the time to item failure is often measured by the number of operational (cycles) to failure, and therefore, operating a system in a discrete time process might be more appropriate. Also, cumulative damage models (i.e., which was first proposed and discussed by Cox 1962) play an important role in reliability and maintenance theory. These models are considered as a sequence of shocks which occur randomly in time as an event in accordance with a stochastic process and give some amount of damage to a system. The damage suffered for the system is accumulated to the current damage level and weakens the system gradually. The system fails when the total damage exceeds a failure level. A variety of maintenance models subjected to shocks were studied extensively in Wortman et al. (1994) , Sheu et al. (1996) , Sheu (1998) and Sheu et al. (2002) . The reliability properties and optimal maintenance policies for various damage models were also summarized sufficiently in Nakagawa (2007) . Besides, another application of the cumulative process in the maintenance related problems is the cumulative repair-cost limit policy, which concept uses the information of all repair costs (i.e., accumulated repair cost) to decide whether a system is repaired (i.e., minimal maintenance) or replaced (i.e., perfect maintenance). For more details about the cumulative repair-cost limit policy on the maintenance model, please refer to Chien et al. (2009 Chien et al. ( , 2010 .
In this paper, a system that should be continuously operating over an indefinitely long operational cycle is considered; also, the cumulative damage model is applied. A maintenance policy, where the timing to perform PM is depends on the operational number as well as the accumulated damage level, is determined and investigated. The expected cost rate for an infinite time span is adopted as criterion of optimality in .A special case of the damage distribution is applied, and then the optimal policy, which minimizes the expected cost rate, is derived analytically. Finally, numerical examples are given for illustration in Tseng et al (2009).
Model development and optimization
Consider the time over an indefinitely long operation cycle n ( , 2 , 1 n ) that a system should be operating. Each operation causes a random amount of damage to the system. These damages are accumulated to the current damage to the system. A system fails when the total damage exceeds failure level , then a corrective maintenance (CM) is immediately conducted. To prevent such a failure, a preventive maintenance (PM) action should be performed. The maintenance policy that considered and investigated for such a system is that the PM is carried out when the accumulated damage exceeds a pre-specified PM level (but less than the failure level ), or it is performed at the completion of N th ( , 2 , 1 N ) operation after the system installation, whichever comes first. That is, the system undergoes CM when the total damage exceeds a failure level , and undergoes PM at damage . Under the maintenance policy that described above, it is obviously that the probability that a PM is performed at the completion of N th operation is ) (
, then the probability that a PM is performed at the completion of j th operation is given by
and the probability that a CM is performed at j th operation is given by
In this study, CM and PM are assumed to be a 'perfect maintenance', while RM is assumed to be 'minimal maintenance'. That is, a system is as good as new after CM or PM, and after RM the system is as bad as old. Therefore, the perfect maintenance scheme for such a system is that it is undergoes scheduled PM at operation N , or unscheduled PM at damage , or unscheduled CM at failure, whichever occurs first. The time between successive perfect maintenance (i.e., CM or PM) can be regarded as a renewal cycle, and the behavior in each renewal cycle repeats. From the renewal reward theorem (see Ross 1970 , p. 52), the expected cost rate for an infinite time span is the expected total cost per renewal cycle, divided by expected renewal cycle length.
To develop the expected cost rate for the maintenance policy, the following costs are introduced. Based on these illustrations, the expected total cost in a renewal cycle as well as the renewal cycle length can be easily derived as followed. First, the expected total cost in a renewal cycle is
and then, the expected renewal cycle length is PM due to the completion of N th operation without exceeding damage level
Numerical example and discussion
In this section, an investigation of the sensitivity of model parameters on the optimal policy is presented. For the two special cases (i.e., PM policy 1 is operational numberdependent ( ), and PM policy 2 is the maintenance policy is damage level-dependent), 
CR
, and shows similar tendencies to Table 1 . The numerical results are to be expected because when the CM cost CM C or the average amount of each damage increases, the timing for PM should be advanced in order to avoid system failure. On the other hand, if the CM is costly, or if damages are heavy (i.e., is large), the expected cost rates will also be large. 
